On the mean square of the error term for the 
two-dimensional divisor problems (I I) 



Xiaodong Cao, Wenguang Zhai 



Abstract. Let A(a, b; x) denote the error term of the general two-dimensional 
divisor problem. In this paper we shall study the relation between the discrete mean 
value J2 n <T A 2 ( a > b; n) and the continuous mean value J", A 2 (a, b; x)dx. 

1 Introduction and state of results 

Suppose 1 < a < b are two fixed integers. Without loss of generality, we suppose 
(a, b) = 1. Define 

d(a,b;n) := 1, D(a, b; x) := d(a, b; n). 

n=h a r b n<x 

The two-dimensional divisor problems is to study the error term 

n / (Q{b/a) X y a + Q{a/b)x 1 / h ) , if 1 < a < b, 

1.1 A (a, b: x := D (a, o x — < ,„ ' ( -r , 

v ; v ' ' ' v > » ; | (xlogx + (27 - l)x) , ifa = 6 = l. 

When a — b — 1, A(l,l;x)is the error term of the well-known Dirichlet divisor prob- 
lem. Dirichlet first proved that A(l, l;x) = 0(x 1 ^ 2 ). The exponent 1/2 was improved 
by many authors. The latest result reads 



(1.2) A(l, 1; x) « x 131 / 416 log 26947 / 8320 x, 
which can be found in Huxley[llJ. It is conjectured that 

(1.3) A(l,l;x) = 0(s 1 / 4+£ ), 
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which is supported by the classical mean-square result 



1.4) f A 2 (l, 1; x)dx = |^|^T 3 / 2 + 0(T 5 / 4 + 



proved in [3] . The estimate 0(T 5 / 4+E ) was improved to 0(T log 5 T) in [27] and 0(T log 4 T) 
in [23] • The mean square of the error term in (1.4) was studied in [20] and [29] . The 
higher-power moments of A(l, 1; x) were studied in [HI EH [28j [33j 153] . 
When a ^ b, Richert [25] proved that 
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1.5) A(a,o;x)< 



X 3(a+b) ; if 5 < 2a 
x 5^+26 ; if jj > 2a, 



Better upper estimates can be found in [T71 UH1 1211 12H]. Hafner [7] showed that 

(1.6) A(a,b;x) = Q + (x (log x) log log xj , 
and 

(1.7) A{a,b;x) = ft- (x^e u{x) ^j , 
where 

(1.8) C/(z) = B (log log x) 2 ( a + b ) (log log log x) 2 ( a + 6 > , 

for some constant B > 0. 

For 1 < a < 6 it is conjectured that the estimate 

(1.9) A(a, b;x) = (x^+v +£ 



holds for x > 2, which is supported partially by results of Ivic [13]. ivic showed that 

(1 , ) j\ Wx {<^;tj:f T - 

The Q result in (1.10) was improved by the first-named authorpQ to 
(1.11) / A 2 (a,b;x)dx > T 1+ ^. 



Ivic [13] conjectured that the asymptotic formula 

(1.12) J A 2 (a,b;x)dx = c a , fe (l + o(l))T 1+ ^ 



should hold for some constant c a ^ > 0. This conjecture was solved completely in 
where we proved that if 1 < a < b and (a, b) = 1 , then for T > 2 

/T 
A 2 (a, b; x)dx = c^T 1 ^ + 0(T^~~^+b^+b=T) log 7/2 T), 

where 

a b/(a + b) b a/(a + b) ™ ^ 

C «y- 2 (a + b+l)n^ 9a > b{n) 

V ' 71=1 

and 

^— \ a + 2b b+2a 

9a,b\n) := > h ^+^r 2 a +26. 



n=h a r b 



The aim of this paper is to study the relation between discrete mean and continuous 
mean of A (a, 6; x). This kind of problem is very important and interesting in number 
theory. 

Vorono'i[3T] essentially showed that for x > 1, the asymptotic formula 



i.i4) J2 A (*> !; n ) = Q - ^)) A (!» x ) + / A (!> !; 



+ ^ (logx + 27 - 1) x + 0(\ogx) 



holds. For the mean square case, Hardy[Hj proved that 

J2 A 2 (l, 1; n) = f X A 2 (l, 1; t)dt + 0(x 1+£ ) 

n<x ^ l 

which was improved by Furuya [5] substantially to 

^A 2 (l,l;n) = ! A 2 (l,l;t)dt+jUlog 2 x 

n<x J 1 ' 



+ gl^l llogI+ ^-27+l x+ f Otologs), 
12 & 12 \ Q ± (a;ilogx) 



For 1 < a < 6, following Voronoi[3T] we can get 
1.15) J^A(a,6;n) = ( ]- - ip(x) ) A(a,b;x) + f A(a,b;t)dt 
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+\ (c(^= + C(f)^)+o(i). 



From (1.14) and (1.15) we may write 

1 f x 
J^A(a,6;n) = -D{a, b; x) - ip(x)A(a, b; x) + / A(a,b;t)dt 

O(logx), if a = b = 1, 
0(1), ifl<a<6, 

which combining (1.5) and Lemma 2.2 implies that 

(1,6) EAd.M)^^-^)^!^.^ 

for 6 > 1, and implies that 

(1.17) J>(a, 6; = V x A 

for 2 < a < b. We omit the proofs of (1.15)-(1.17). 

We shall study the mean square case for 1 < a < b. Our main result is the following 
Theorem 1. Let 1 < a < b, (a, b) — 1, and x > 2, then we have 

(1.18) ^A 2 (a,6;n) = ( i - tp(x) J A 2 (a, 6; x) + / A 2 (a,b;t)dt 

+ i(«|)«i + C(?)x*) + gc(^i-' + i<(>*-)G w ,(«) 



+ 



where 



|C(fc) (C(6)a: + 2C(J)xi) + O^x 1 -^ ), if 1 = a < 6, 
0(x»~W)), if2<a<6, 



(1.19) G M (x) := cox 1 "^ V cos f 2 ( a + fc)7r(a-°6- 6 nx)^ + O ) , 
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m a - 1 n b -\ 



(1.20) d*(a,b;n)= 

m a n b— n 

;i.2D k^t^ 3, 

By Theorem 1 and (1.5), it is easy to see that 

Corollary 1. Suppose 1 < a < b, (a, b) = 1 and x > 2, then we have 
(1.22) ^2A 2 (a,b;n) = f A 2 (a,b;t)dt + R*(a,b;x) 

n<x ^ 1 



+ 



±((b)(3 + 2((b))x, ifl = o<6, 
!C©^ + K(f)^, if2<a<6, 



where i?* (a, 6; x) = O (x a 2( - a+b i j and R*(a, b; x) = Q± (x a 2< - a+b i j . 



Remark. Generally speaking, the term jC(f )% b i n Corollary 1 can not be removed 



since 



1 > 1 - t^tts for b < i±^a. 



b a 2(a+b) 4 

From Corollary 1 and (1.13) we get 

Corollary 2. Suppose 1 < a < b, (a, b) = 1 and x > 2, then 



A / (a, b;n) = c a>b x »+* + 0(x a+b 2Ka+6)(a+«--i) log' /2 x). 



We have also the following Theorem 2, which slightly improves Furuya's result. 
Theorem 2. For x > 2, we have 

1.23) ^ A 2 (l, 1; n) = Q - A 2 (l, ^ x ) + / A '( X ' ^ 



+^xlog 2 x + ^-^xlogx + — — ^ + - x + (log a; + 27)G (lil )(x) + 0(y/x\ogx), 
where 

^ f \ 1 3^d(n) . ( . — 7r\ 



n=l 



Our proof is based on the method of Furuya [S]. We need a sharper asymptotic 
formula for the error term A(a,b;x), and then evaluate a kind of integrals involving 
the ^-function. 
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Notations. For a real number u, [it] denotes the greatest integer not exceeding u, 
ip(u) = u— [u] — 1/2. Let (m, n) denote the greatest common divisor of natural numbers 
m and n. n ~ N means N < n < 2N. e always denotes a sufficiently small positive 
constant. In this paper, the constants implied by O depend olny on a, b or e when it 
occures. f(x) = 0(g(x)) or f(x) <C g(x) means that < Cg(x) for x > xo and 

some absolute constant C > 0. f(x) = Q±(g(x)) means that both f(x) = Q + (g(x)) 
and f(x) = Q^(g(x)) holds. 

2 Some preliminary Lemmas 

In order to prove our theorems, we need the following lemmas. 

Lemma 2.1. Let f(n) be an arithmetic function, and E(x) be the error term 
defined by 

(2.1) E{x):=Y J f(n)-g{x). 

n<x 

Suppose g(x) is continuously differentiate. For any fixed positive integer k, we have 

(2.2) g E k {n) = Q - iftx)) E\x) + £ E k {u)du 



+k I \\-^ u ))9\u)E k -\u)du. 
Proof. This is Lemma 1 of Furuya [5]. 

Lemma 2.2. (Voronoi type formula) Let x > 1, and d*(a, b; n) is defined by (1.20), 
then for every fixed positive integer q, the following asymptotic formula holds 

(2.3) f A(a,b;t)dt = ~ +^(- a )C(-6) + 0(x 1 ~W)~^~ b ) + 



Vc m fV fj^"l cos (2(a + bMa-^ b nx)^ + 9 ri 

n \ f r/ L+ 2(a + b) + a + b V 

m=0 \n=l "' 



-i 1 m 

£ 2{a + b) a + b 



where c m and 9 m are real numbers, Co and 9q are defined in Theorem 1. 

Proof. This is Theorem 3 of the first-named author pQ. We note that when 
a = b = 1, Lemma 2.2 was already proved by Tong [27] . 

Now for x > 1, we define the ipj{x) by the following recurrence relation 

(2.4) M*)''= [ ^-i(t)dt,(j = l,2,---), 
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for convenience, we use the notation ipo(x) = if)(x) here. 
Lemma 2.3. For x > 1, we have 

(2-5) J* ^ k ~\t)dt = ± (>(*) - ±^ , (k = 1, 2, ■ ■ ■ ) 

and 

(2.6) £ ^{t)dt = ^ - ±y( x ) + r k+1 (x)) ,(k — 1, 2, • • •). 

Proof. We prove (2.6) only, the proof of (2.5) is similar. By simple calculations, we 

get 



px M 1 />n+l 

/ ^ 2fe (t)rft = Z / i> 2h (t)dt+ / ^ 2fc (t)rft 

Jl n=Q in 7[x] 



= ([*] - 1) [\ 2 \t)dt+ f\t - [x] - \f k dt 

Jl J[x] A 

= 2([x]-l) J u 2k du + J u 2k du 

= M ~ ^WWTT) + (2ITT) {^ x) + 2^r 

and whence (2.6) follows. 

From Lemma 2.3, we easily get that for x > 1 

(2.7) M*) = - \l 

and 

(2.8) i> 2 {x) = -^x + ^ 3 (x) - ^(x) + 1. 

Lemma 2.4. Let x > 1 and define VF a (x) := t a tp(t)dt. Yi a ^ —1, —2, we have 

W ° ( ^- (a. + l)( a + 2) + ^g;»'' +1+ 



^(x) +1 a 



-x 



a + 1 2(a + l)(a + 2)' 
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(2.10) W- 2 (x) = logx -ip(x)x~ 1 - E n_1 + ]- 



n<x 



(2.11) =\-l+(Mx) + ^y~ 2 + 0(x-3), 
and 

(2.12) W. x {x) = 2 J™ ^-dt + (W) + 1) x' 1 + 0(x~ 2 ). 

Proof. First, we suppose x > 2. Similar to the proof of Lemma 2.3, we have 



M 1 rn+l i rx I 

(2.13) W Q (a;) = V / i Q (t - n - -)dt + / t a (t - [x] - -)dt 

t^Jn 1 J[x] 1 



W- 1 r n+l rx \ /N- 1 -i r n+l 

*dt 



E / + / - E ( n + o) / edt + (N + o) / * 

7[x] J \p[ 2 Jn 2 J[x] 

= [t a+l dt - |e (n + i) ((n + 1)« +1 - + ([*] + \){x^ - [x]^) 

1 1 / [x] 1 [a;Fl 1 \ 1 1 



a + 2 a + l\^ y T ^ K T ) a + 1 

n=2 n=l 



x a+2 



a + 2 



- - ^ E- a+1 + (N - \)\A a+1 -fj- ^(N + \){* a+1 - N Q+1 ). 



We make some simplification, and obtain that (2.9) holds in this case. Next, if 1 < 
x < 2, then [x] = 1, it is easy to check that (2.9) also holds, and this completes the 
proof of (2.9). 

Now we consider the case a = —2. For x > 2, by the same method as above, we 
have 

(2.14) W„ 2 (x) = logx - ^(x)x- 1 - E n_1 + \- 



n<x 



If 1 < x < 2, then W- 2 (x) = logx - § + §£ _1 , and (2.14) also holds in this case. This 
completes the proof of (2.10). Applying Euler-Maclaurin formula(see (2.20)) to the 
sum Y^nKx 71 ' 1 ! we can S et (2-H)- 
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Finally, by applying integration by parts and (2.8), we have 
= i/j^x' 1 + ip 2 (x)x~ 2 + 2 J t- 3 ^ 2 (t)dt 

/oo poo 
r 3 ?p 2 (t)dt + ip^x' 1 + i) 2 {x)x~ 2 -2 J r 3 ?p 2 (t)dt 

/■oo rcc 1_ _j_ nf^ 

= J r ^ 2 (t)dt + Mx)x- 1 + (-- + 0(i))x- 2 -2j 12 1 3 v ; (*)<ft. 

This finishes the proof of Lemma 2.4. 

When a = 0, from (2.9) and some easy calculations, we get for x > 1 that 

(2.15) Wo(x)=Mx) = \ty 2 (x)-\), 
and 

(2.16) W (n) =Mn) = 0. 
If a = 1, we get for x > 1 that 

(2.17) w l{x) = 4 + iM(M±jj(gM±i) + m x * - _1 

When a is a non-negative integer, we may use the well-known Bernoulli polynomial 
to express W a (x). Otherwise, we can use the following Lemma 2.5 to estimate it. 
Lemma 2.5. Let a ^ — 1, —2, then for x > 1, 

(2.18) W a (x) = ^ (((-1 - a) - ^^y) + (Mx) + ^)x a + 0(x^) 
Proof. From Euler-Maclaurin formula, for s ^ 1 and x > 1, we have 

(2.19) = C(a) + ^ - 1>(x)x- - s(Mx) + ~^) x ~ S ~ l + 0(x~ s ~ 2 ), 

n<x 

and 

(2.20) = + 7 -^( a; )^ 1 - (^i(z) + — ) x ~ 2 + 0(x- 3 ). 

n<x 

Now (2.18) is a immediate consequence of (2.9) and (2.19). 
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3 An asymptotic formula for the error term A(a, 6; x) 

It is well-known that 

(3.1) A(a,M=- V „ ((*) *) + „ (ViL) J ) + o(l). 



^ + ^ '<a 



However, the error function 0(1) in (3.1) is too large to prove our theorems. So we 
need a sharper form than (3.1). In this section we shall prove such a lemma. 

Lemma 3.1. Let (a, b) = 1 and x > 1, we define the error function i?(a, 6; x) by 



(3.2) 



R(a, b; x) := A(a, 6; x) + ^ 



X\a\ / / X \ t 

n b ) J \\n' 



Then one has 
(3.3) R(a,b;x) 



(a + b) 2 , , b(a + b) i 

-ifji(x a + b ) + — — - — -x° 



ab 

a(a + b) i f°° , . . 9 a , 

+ v TO ^ / t Vi(t)r 2 "*cZf. 



x ^!(t)r 2 --dt 

a+b 



b 2 



In particular, we have 
(3.4) R{a,b;x) = 



{a + b) 2 _^ 1 a 2 + 6 2 / 

r^'0i(^ a+i ') ; hO x «+6 



Furthermore, if x a + b is not an integer, then the derivative of R(a,b;x) satisfies 

a + b 



(3.5) 



R'(a, b; x) 



1 1 — - — \ -J— i a 2 + 6 2 i _ x 

, w(:r ci + i ' )x a + b : — ipi(x a + b )x 

ab ab 

a + b 



12 



-x 



- 1 + o(x~ 1 -^ 



Proof. By applying the Dirichlet hyperbola method, we easily obtain 
(3.6) D{a,b;x) = ^2d{a,b;n) = 1 

n<x rn a n b <x 



i a + b <z 



(t/jq) 

m a + b <x 

- E * 

m a + b <x 

I \ ^ 1 1 v— v 1 



E 1 E 1 



. m a + b <x 



1 


to 


1 


x a + 6 







, n a + b <x 
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It is easy to see that the function ipi (x) is a periodic function with period 1 and is 
therefore continuous. For real x > 1 and s > 0, by using Riemann -Stieltjes integration, 
and then integration by parts, we get that 



n<x 



n 



l>X l>X 

/ r s d[t] = [x]x~ s + s / [t]r s - l dt 

Jl-0 Jl 



-i)(x)x~ s + (x - -)x s + s / (t - -)t 



-s-1 



dt 



Hence, for s > 
(3-7) £ 



n 



-s [ ^ 1 (x)x- s - 1 + (s + 1) J r a_ ^i(*)dt 



(3.8) 



It is well-known that for s > and s ^ 1 

s + 1 



if s = 1. 



c(s) = 2(7~T) " s / t ~"~ 1 ^ t ) dt - 



In addition, from (2.11) we have 

(3.9) y r 2 #)4 = r 7- 

Integrating by parts again, we see that (3.8) and (3.9) are equivalent to 

1 C(*) 



(3.10) 
and 
(3.11) 



, rw 2s(s-l) s(s + l) 



, if s > and s ^ 1, 



° -3. 



r> 1 (t)rft = -l-- 7 ), 



respectively. Inserting (3.10) and (3.11) into (3.7), we obtain for s > 



(3-12) £ 



1-s 



C(8)-^-!%& + 8(8 + 1) f?$$dt, ifa^l 



,logx + 7 -^-^ + 2r^ if - = 1- 

Now, taking s = | and s = | in (3.12) respectively, then combining (1.1), (2.7 ), 
(3.2), the following simple relations 



x a + b 



X a + b — ijj ( X a + b ) — 



1 

2 
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and 



2 _J2_ 

= x a + b 



+ ip 2 (x a + b ^ + --2ip (x^ j ajalt _ a;atb + ip |j;«+tj ; 



we can get (3.3). 

From formula (2.8) , it is easy to check that for y > 1 

Mv) = J^Mt)dt = -^ + o(i). 

Integrating by parts, we obtain 

POO 

/ , ^i(*)r«~ 2 dt 

/ 1 \ / 1 \ 6 Z" 00 6 

= - (W) ° ^ 2 {x^) + {2 + -) I ^ 2 {t)r«- z dt 

2_a+b ( 1 1 \ b f°° f t \ b 

= — ' + 0(D j + (2 + -) y (-- + o(i) j r. 



r " (x a • • V 



12(a + 6) V / 

Similarly, we also have 



J. 



^ lW rf-^ = --A-,-i + o(,-i--). 



s& rw 12(a + 6) 

Combining the above two estimates and (3.3) completes the proof of (3.4). 

Finally, we suppose that x^+b is not an integer, thus ipi (x^^j is differentiable. By 

differentiating the both sides of (3.3) with respect to x, and then applying the above 
two estimates, we have 

w/ , x (a + b) 2 1 ,, i . i i b(a + b) i , f°° , b 9 , 

R'(a,b;x)= -± T ^(x^)x^ 1 + J: '-x" 1 , ^ ti"" 2 * 

ab a + b a J x ^tb 

b(a + b) i , . i . i / b on 1 i i a(a + 6) i, Z" 00 , . . _a_ 9 , 

— -x»Vi(^ a+6 ) a:;a+6 a r^ a+6 + ; — xb I 1 V'iC*)* 6 

a a + b b J x -^ 

a(a + b) i _j_ _j_ f _a_ 2 -, 1 _j 1 

-x b W] (x a + b )x a + by b ' x a + b 

b v ' a+b 

a + b _j_ _j ! a 2 + b 2 _j_ _ x a + b 



ab 

and this completes the proof of Lemma 3.1 



,/ _J_ N _j i a +o , / _i a + b / 

■*/>(£"+*>) a; a + 6 ; — t/M^+O^ ——a; +0 x a + 6 , 

ao 12 V / 
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4 Integral formulas involving the ^-function 

In this section we shall evaluate integrals involving the ifj functions, which are important 
for our proof. 

Lemma 4.1. Let n be an positive integer, a real, x > 1, and n a+b < x, we define 
(4-1) / ( ( :i ) (n,x) = i F (^ + ,( a ;)-^ + ,K +b ))+ £ + 



(n--)W a (n- 



a+6' 



where W a (x) is defined by Lemma 2.4. 



Proof. We first suppose 



following subintervals, and obtain 



(^b) a > n + 1. We divide the integral interval into the 



(4.2) 



n, x) 



j=n 



(j+l) a n b 




13 



+ 



x \ a 



dt 



x \ a 



j=n 



{j+l) a n b 



3 ~ 



dt 



+ 



( x \ a 

( 



a t a i/j(t) 



2 



dt 



b 



5 "I" 1 



V / t a+1 ^(t)dt+ t a+1 ^(t)dt 

j=n J 3 a n» J n* 



\ 



E v 



j=n 



{j+l) a n b 



ja n b 



t a ^{t)dt 



rr 



( x \ a 



a t a ^j{t)dt 



3 F^ 1 



\ [ x e + h(t)dt - ' (J + \) ( w «^ + x ) v ) - w«0' a « 6 )) 



(n b ) 



+ 2 ) Fa(l)-W Q 



x \ ■ 



n 



Moreover, by Abel's summation formula, we get 



x \ a 



(4.3) 



E U + h(W a ((j + l) a n b )-W a (fn b )) 



j=n 



x \ a 



x \ a 
n b 



E v-hw a v a n b )- J2 U+hWaU a n b ) 



j=n+l 



j=n 



x \ a 
„b ) 



- E W «ti a n b ) + 

j=n+l 



n b - (n+ -)W a (n' 



a+b\ 



Combining (4.2) and (4.3), we find that (4.1) holds in this case. If (-r) a = n, it is 
easy to check that (4.1) also holds, and this completes the proof of Lemma 4.1. 
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Lemma 4.2. Let a ^ — 1, —2, n a+b < x, and x > 1. Then 

(4.4)/<°), = ^ fatt " W i^) ~ ((£)* " * ((£)*)) *(*>■ 
If a 7^ — -, then 



a+i-l 



-o 



x ' " 



log x + x a »n«+n 



(a+6)a— 1 



_|_ 7l (o+6)(a-l)+l j Q g 



X 



and if a = — , then 



(4-6) / ( ( ;|W) 



i i 

12a n l 



(log a; — (a + 6) logn) + ip 



x 



rr 



— — 

ipi\x)x a 



+0 f^-^logx + x~in« +rT^~ 2 + rT {a+b) ^ +l)+l \ogx\ . 
V n« / 

Remark 2. In fact, the Lemma 3 of Furuya [5] is a special case of (4.4) with a = 1. 
In the present paper, when a = 0, it is sufficient for us to apply a weaker estimate 
(4.5). ' ^ 

Proof. First, (4.4) is an immediate consequence of Lemma 4.1 and (2.16). 
By Lemma 4.1, Lemma 2.5 and some simplification, we have 

(4-7) I$ b) (n,x) = \ (W) + - l~ 2 n^+^ 
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+i_ x O ((x + n a+b )( a+ *- 1 A 
no. ^ ' 

1 T> N N 



a) 



+<»-5>G^i l<( - i - a) 



\ a. ill 



2(2 + a) y 12 



+ i(A 6 ) a + 0((jV) (a - 1) ) 



2 ( 2 + a) y + 15^ + «"° +J ' ( °" 1) ) 



a + 



T [C(-l-«)- 



^) + <*<*> + ^ tt+0 < a 



+0 



x a+1 *- 1 



+ n 



X \ a 

n 1 



(a+b)(a- 



12 



x \ a 



j=n 



12 



We write 



(4.8) 



j=n ^ ' 



( 



= —n ba V j aa + O 
12 ^ J 



J =71 



b(a-l) 



E r ia ~ 



i) 



If a ^-i, by (2.19) we get 



x \ a 



(4.9) 



E r = E 



j<n 



n 
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1 + aa / V^ nb 

(/ T \ -(aa— 1) \ 
_„!+«« / IN tt 

1 + aa ^ \\n b J J \n b J 



1 \ ace 



2 

If a = -I, by (2.20) we have 



+L oa + Of (4)" °+n aQ - J 



(4.io) £ -? aQ = E r 1 -Ej" 1+n_1 



= i (log, - (a + 6) logn) ") + -L + O(n-). 

From (4.9) and (4.10), we also have 



x \ a 



(4 11) VV^«i (^) a+ ^ 1 +^ 1+a(Q - 1) ; if«^l"J 



< (— J ° logx + n^^logx. 

Now (4.5) follows from (4.7), (4.8), (4.9) and (4.11), (4.6) follows from (4.7), (4.8), (4.10) 
and (4.11). This completes the proof of Lemma 4.2. 

5 The proofs of Theorem 1 and Theorem 2 

We first prove Theorem 1. We take f(n) = d(a,b;n) , g{x) = ((^)xa + £(|)x£ in 
Lemma 2.1. By Lemma 2.1 with k = 2, we have 

(5.1) g A 2 (a, 6; n) = Q - ^(x)) A 2 (a, 6; x) + jT* A 2 (a, 6; f)dt 



17 



where 



and 
(5.3) 



+2 /"G "*<*>) gc(^H + i C (2)**-')A( ,M)* 

^ -^(z) j A 2 (a,6;x) + / A 2 (a, 6; t)dt + 7\ - 2T 2 , 



(5.2) T\ := jf X Qc(£)** _1 + ^(f)** -1 ) A(a, 6; f)df , 



T 2 := J* Qc(£)*- _1 + ^CCf)** -1 ) iW) A(a, 6; f)d*. 



We treat Ti first and shall show that 

(5.4) t x = \a\)* + 



where the series G^ a ^(x) was defined in Theorem 1. 
Integrating by parts, we have 

(5.5) Ti = Qctj)^- 1 + ~ b (( j)^ 1 ) J' A(a, ft; «)« 



We consider two cases. 

Case( i). If a = 1 and 6 > 2, by Lemma 2.2 with q — 1, a simple splitting argument 
and the first derivative test(See (2.3) in I vie [13]) (Similar to the estimate of T* below 
in this paper), we easily get 

Ti = (C(b) + ^(J)** -1 ) (\x + G M (x) + O (V-^W)) 
1,1 , w ,a,, i ^ ( i s_\ 

)c y + r 2(1+b) ) 
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This proves that (5.4) holds in this case. 

Case (ii). Suppose a > 2 and b > a. Similar to proof of the case (i), we also have 



2{a + b) 



- l)C(-)axa - — (- - 1)C(^)^ + O (x° ^ J 



4a a 



This completes the proof of (5.4). 

Next we estimate T 2 . From Lemma 3.1, we write 



+ 



jf (^ C( ^" _1 + ^O^) ^ (t)jR(a ' 6; t)dt 



dt 



(5.6) =T 21 +T 22 . 

To treat T 22 , we divide the interval [l,x] into two subsets I\ and J 2 , where ii = 

M\U=f ]+1 [j a+b -^r +b +u a ^/ 2 = Mn (u;=t ]+1 b a+6 - ^j a+b + £])■ 



For J 2 , we have trivial estimate 



/ (^ C( ^" _1 + ^ C( ^ i_1 ) mR{a > b] t)dt 
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For Ii, by applying integration by parts and (3.5) in Lemma 3.1, we get 

= E 



j<x a + b 



ii,x]r\\j a+b +To,u+ 1 ) a+b -To] 



« E [iu+^f^+l 

j<x a + b 

(„(j + 1 )o+6 \ 
((j + l)«+*)(i-D+ / ^-^-^j 

« E O+ir 6 )^ 

i 

« E (((j+ir^^+a+^^^-^+j 



i_] Va a b b J 

f^~ 2 + t*- 1 \R'(a,b;t)\) dt 



(«+&)(i + 5TE-l)- 



E (o" 



+ 



( J + 1)(^)(^D) 



j<a; a + i ' 
l 

, if a = 1 
1, ifa>2. 



Combining the above two estimates, we get 
(5.7) T 22 <x^>. 
To estimate T 2 i, we write 



= " E ^) x) + x)) + \a- b ) (l[l^\n, x) + I^\n, x)) 

n a + b <x 

(5.8) := --C(-)(T 211 + T 212 ) - U&(T 213 + T 214 ), 

a a b b 
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and will show 



(5.9) Tr 
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■nC( & ) (C(b)x + 2((l)x^ + O (x^ } if a = 1, and 6 > 2 



0(1 + log x), 
From (2.19) and (2.20), we easily obtain 



if a > 2 and b > a. 



(5.10) 



and 



E n " 

1 

tl<l«+ I 



C(f) + (x^~J , if6>a, 
-^3:45-^+0(1), if&<a, 



(5.H) Yl ™ (a+6)Q+1 



+ 0(l + x a+ ^ 



n < x a+b 



(a+b)a+2 

-^■\ogx + 7 + 0(x~—*), 
((-(a + b)a-l) + 0(x a+ ^), ifa< 



if a > 
if ct = 



2 

"a+6' 
2 

"a+6' 
2 

"a+6' 



(5.12) 



We will also use the following estimate 

logn 

T 

712 



^^ = 2 (logx-2)xi + 0(l), 



n<x 



which is an easy consequence of the Euler-Maclaurin formula. 
Now we return to prove (5.9), and consider three cases. 
Case (1). a = 1, b = 2. 

By (4.5) in Lemma 4.2, (5.10) and (5.11), we get 



-211 



E J (i 0) 2)( n ' x ) 



+0 ( \\ogx + x 1 n 2 + - + \ log x 

T2 E ^ - ^ Q* s - ^**)**) + ^ (*) E v> (£) + °( lo s 



/ 



(Here we use in-., 



1 x» — ip(xi)x3 +0(1)). By (2.19) again, we obtain 



(5.13) 



r 211 = ^c(2)x-^l + o(^; 
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By (4.5) of Lemma 4.2, (5.10), (5.11) and (2.19), we have 
T 212 = J2 ^D^x) 



n<x^ 



'X\2 



( 



+0 



E x 2 /-, , \ —- - 1 1 , 
— j-ll + logo;) + x 2 n 2 H 1 — rlogrr 
i U 2 n n 2 



\ 



l 



12 



EX2 

«2 



1 

12 V 2 



-X3 



1 

X\ 2 



+ 0(loga;) 



n<i3 



1 2 11 1 1 

In the same way, by (4.5) in Lemma 4.2, (5.10), (5.11) and (2.19), we have 
T 213 = J li})( n > x ) 



1 / X2 

6 ^ I 



n 2 + 



5 ^ i> (^) +0(loga;) 



n<x^ 



1 



C(2)x5 +0(a;3). 



By (4.6) in Lemma 4.2, (5.10), (5.11) and (5.12), we have 

= £ if 1 



l (2,i) 



(n, x) 



n<x3 



1 log x — 3 log n 
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n 2 



X\ 2 



n 



+ 0(loga;) 



n<x~S 



n<x~S 



-x« + +0(logx) 



Combining the above four estimates , we see that (5.9) holds in this case. 
Case (2). a = 1, b > 3. 

By (4.5) in Lemma 4.2, (5.10), (5.11) and (2.19), we can get the following four 
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estimates: 



T ^= E J&fa*) 
i 

n<x T +h 

= T2 E (^-»)+^) E ^{^)+0(lo gX ) 



i 

n<xT+5 n < x !+<> 



T ^= E 

1 

- T2 E £ * +0(108.) 



T ^ = E 45) W) 

1 

ra<a;l+!> 
12 



12 \6- 1 2/ 12^ v 6 

(-i+i) 



n<x 1 + b ' n<x 1+5 

= ^C(6)^ + 0(togx), 



and 

r(-i+i) 



^214= £ 4l) W) 

1 

n<a; 1 + b 

1 ^ f x -l+ 2 



12(2 - 6) 

n<a;l+5 x n<il+ E 

= O(logx). 

Hence, (5.9) also holds in this case. 
Case (3). a > 2, b > 3. 

Similar to the proof of Case (2), we can prove 
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(5.14) T 2n ,T 212 ,T 213 ,T 214 <logx. 

We omit the details. This completes the the proof of (5.9). 

Note that if a — 1,6 > 2, then ^ < 1 — 2 (i+b) '■> if ° > 2, 6 > a, then a ^ +b ) < 
a ~~ 2 (a+&) • Now, collecting (5.1), (5.5)-(5.9) completes the proof of Theorem 1. 

Finally, we shall give a short proof of Theorem 2, since the details are similar to 
and simpler than that of Theorem 1. 

We take f(n) = d(l, 1; n) , g(x) = (logx + 27 — l)x. By Lemma 2.1 with k = 2, we 
have 

( 5 - 15 ) E A2 ( x > !; n ) = (I - M*)) A2 ( x ' !; *) + jf A2 ( x ' !; *)* + T r + ^* , 

where 

(5.16) 7? := (logt + 2 7 )A(l,l;t)di, 
and 

(5.17) r;-.= -2^ (logt + 2 7 )^(t)A(l,l;t)rft. 

Similar to the estimate of T 2 , we may get that( Also see Puruya[5],page 17-18) 

(5.18) T 2 := ^x log 2 x + ^(2 7 - l)x logx + ^(2 7 2 - 2 7 + l)x + 0(x^ logx). 

Do o 

Now we estimate Tj* as Ti . By Lemma 2.2 with q — 1, and then integrating by parts, 
we find that 



T* = 



J (logi + 2 7 )A(l,l;f)<ft 
(logx + 27)^ A(l,l;t)dt- ^ r 1 ^ A(l,l;u)dujdt 
= (logx + 2 7 ) Qx + G (1>1) (x) + 0(x*)) - ^ r 1 Q + G (1)1) (t) + 0(t^ dt 
- (logx + 2 7 - 1) x + (logx + 2 7 )G (ljl) (x) - J t^G^i^dt + 0(x* logx), 



where 



G (1>1) (x) := ^xf g ^ sin (4^ - 



n=l 
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Since the series is absolute convergent, one may integrate term by term, and 

obtain 



By a simple splitting argument and the first derivative test(see (2.3), Ivic[13]), we 
easily get 

(5.19) / r 1 G (lil) (0^« 

h n=1 n4 V« 

Hence, 

(5.20) T; = 1 (logo; + 2 7 - 1) rr + (logx + 2 7 )G (1)1) (a;) + O(a^). 
Combining (5.15), (5.18) and (5.20) completes the proof of Theorem 2. 
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